EQUIVARIANT K-THEORY OF AFFINE FLAG MANIFOLDS 
AND AFFINE GROTHENDIECK POLYNOMIALS 



MASAKI KASHIWARA AND MARK SHIMOZONO 

Abstract. We study the equivariant K-group of the afRne flag manifold with 
respect to the Borel group action. We prove that the structure sheaf of the 
(infinite-dimensional) Schubert variety in the K-group is represented by a unique 
polynomial, which we call the affine Grothendieck polynomial. 



1. Introduction 

Let G be a simply connected semisimple group, B its Borel subgroup, and 
X = G/B the flag manifold. Its i?-orbits are of the form BwB/B for some w 
in the Weyl group W. Its closure is called the Schubert variety. It is well- 
known that the equivariant K-group Kb{X), which is the Grothendieck group 
of the abelian category of coherent 5-equivariant ^x-modules, is a free i^'B(pt)- 
module with {[(^x^,]}wevy as a basis. Note that Ksipt) is isomorphic to the group 
ring Z[P] of the weight lattice P of a maximal torus of B. On the other hand, 
Kb{X) ~ Kbxb{G) gives another structure of i^B(pt)-module on Kb{X) and we 
have a morphism Z[P](S)Z[P] ~ ^^'^(pt) ^/^^(pt) —>■ Kb{X), which factors through 
a homomorphism 

(1.1) Z[P]^^^p].vZ[P]^Kb{X) 

called the equivariant Borel map. Here Z[P]^ is the ring of invariants with respect 
to the action of the Weyl group W. It is also well-known that Z[P] <S)z[p]w Z[P] —> 
Kb{X) is an isomorphism. An element in Z[P] ® Z[P] whose image is is 
known as a double Grothendieck polynomial when G = SL{n) [0]. 

The purpose of this paper is to generalize these facts to the affine case. Contrary 
to the finite-dimensional case, there are two kinds of flag manifolds; the inductive 
limit of Schubert varieties BwB/B, each of which is a flnite-dimensional projective 
variety (see jH] and the references there), and an inflnite-dimensional scheme whose 
Schubert varieties PwP_/P_ are flnite-codimensional subschemes. Here, P_ is the 
opposite Borel subgroup. In [7||H], Kostant-Kumar considered the flrst flag manifold 
and studied its equivariant cohomology and K-theory. 

In this paper we use the latter flag manifold, which is studied in [3 . We take 
the affine flag manifold X = G/B^ (see §12)) • It is an inflnite-dimensional (not 
quasi-compact) scheme over C. Its P-orbits are parameterized by the elements of 

o 

the Weyl group W. Each P-orbit Xw is a locally closed subscheme with flnite 
codimension. As a scheme it is isomorphic to A°° = Spec(C[xi, X2, . . .]). The flag 
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manifold X is a union of i?-stable quasi-compact open subsets Q. We define Kb{X) 
as tlie projective limit of Kb{^). Then we have Kb{X) = Ylwew ^^Bipi)[^x^]- 
Similarly to the finite-dimensional case, we have a homomorphism 

(1.2) Z[P]®^[P]wZ[P] ^Kb(X). 

In the affine case this morphism is injective but is not surjective; not all are 
in the image of this morphism. However, as we shall see in this paper, [^x^j] is in 
the image after a localization. 

Let S be the generator of null roots and let R be the subring of Q(e'') generated 
by e^"' and (e""*^ — (n 7^ 0). Tensoring R with p.2|) . we have the morphism 

(1.3) R ® Z[P] ® Z[P]^R ® Kb{X). 

Z[c±'5] Z[P]^ Zlc±«] 

Our main result is the following theorem. 

Theorem 14. 4[ For all w G W , \Gx^ £ Kb{X), considered as an element of 
i? ®z[e±*] Kb{X), is in the image of ()1.3|) . 

Note that we have Z[P]^ ~ Z[P^] in the affine case. 
Roughly speaking, we call the element of P®2[e±i]Z[P] ®iypw^ '^[P] corresponding 
to [<ffxj\ the affine Grothendieck polynomial (see Proposition 14. 5|) . 

In order to prove Theorem 14. 4t we use the following vanishing theorem of the 
first group cohomology. 

Theorem 

(i) // |/| > 2 then H\W, R ^^[^^s^ Z[P]) = 0. 

(ii) For any affine Lie algebra q, (W, R ( Ze'^)) = 0, where n* 
is the dual Coxeter number. AeP, |(c,a)|<k* 

Here / is the index set of simple roots and c is the canonical central element of g. 

The plan of this paper is as follows. In §|21 we review the fiag manifold of Kac- 
Moody Lie algebras. In §E1 we study the Demazure operators. We also give a 
simple proof of the fact that the Schubert varieties are normal and Cohen- Macaulay. 
This proof seems to be new even in the finite-dimensional case. In §0] we study 
the affine fiag manifolds. After the preparation in §0 we prove Theorem 15.21 in 
§ini As its application, we give in §[7| the proof of Theorem 14.41 the existence of 
affine Grothendieck polynomials. In §|H]we give the character formula of the global 
cohomology groups of iffx^iX) using the affine Grothendieck polynomials. In §13 we 
explain an analogous result for the equivariant cohomology groups of the affine fiag 
manifolds. In §^lwe shall give examples of the affine Grothendieck polynomials. 

2. Flag manifolds 

Let us recall in this section the definition and properties of the fiag manifold of 
a symmetrizable Kac- Moody Lie algebra following jS] . 

Let {(lij)ij(zi be a symmetrizable generalized Cartan matrix, q an associated Kac- 
Moody Lie algebra, and t its Cartan subalgebra. Let q = n © t © n_ be the 
triangular decomposition and g = 0Q,g{_* 0a the root decomposition. Let A := 
{a G t* ; 7^ } \ {0} be the set of roots and A''^ the set of positive and negative 
roots. 
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Let {aijiQi be the set of simple roots in t* and {/lijjg/ the set of simple co-roots 
in t. Hence we have {hi, aj) — Uij. Let us take an integral weight lattice P C t*. 
We assume the following conditions: 

{(i) ai e P for all i G /, 
(ii) {ai}iei is linearly independent, 
(ill) hi e P* for all i G /, where P* is the dual lattice Hom(P, Z) C t, 
(iv) there exists Ai e P such that {hj, Ai) = Sij. 

Let T be the algebraic torus with P as its character lattice. Let W be the Weyl 
group. It is the subgroup of Aut(t*) generated by the simple reflections Sj {i G /) 
:Sj(A) = A — {hi, \)ai. Let U± be the group scheme with n± as its Lie algebra. Let 
B± = T X U± be the Borel subgroup, whose Lie algebra is b± = t © n±. For any 
i G I, let us denote by P^ the parabolic group whose Lie algebra is b±(BQzfai- Then 
P^ / B± is isomorphic to the projective line P^. 

Let P+ := {A e P ; {hi. A) ^ (i e /) } be the set of dominant integral weights. 
For A G P^, let V{X) (resp. V{—X)) be the irreducible g-module with highest 
weight A (resp. lowest weight —A). Then A[q) :— V{\) ®V{—\) has an algebra 

AGP+ 

structure and we denote Spec (A (g)) by Goo- The scheme Goo contains a canonical 
point e and is endowed with a left action of Pj and a right action of P~ . The 
union of Pi^ - ■ ■ Pi^ePj^ ■ ■ ■ Pj^ C Goo is an open subset of Goo and we denote it 
by G. Then Pj and Pf act freely on G. The flag manifold X is defined as the 
quotient G/B_. It is a separated (not quasi-compact in general) scheme over C. 
It is covered by affinc open subsets isomorphic to A°° := Spec(C[a;i, a;2, . . .]) (or 
A"), and its structure sheaf ffx is coherent. Let Xq G X be the image of e G G. 
Then for w G W , wxq G X has a sense. The set X has a Bruhat decomposition 

o o 

^ ~ \-\wew -^^^ where Xw is the locally closed subscheme Bwxq of X. Let X^ 

o 

be the closure of Xw endowed with the reduced scheme structure. It is called the 
Schubert variety. It has codimension i{w), the length of w, and its structure sheaf 

o 

^Xn, is coherent. As a set we have Xyj — Ux^w 

Remark 2.1. (i) For any w, B_wB_/B_ is a finite-dimensional projective sub- 
scheme of X and its union [Jw^wB-wB_/ B_ is an ind-scheme. This is another 
flag manifold which we do not use here, 
(ii) For a regular dominant integral weight A, set V{—\) — n^ep^(~'^)/i where 
V{-\)f, is the weight space of V{-X) of weight Then P(y(-A)) = (V^(-A)\ 
{0})/C^ has a scheme structure, and Pi acts on V^(— A) and P(F(— A)). Then 
X is embedded in P(\/(— A)) by Xq i— > U-x, where uZx is the line containing 
the lowest weight vector U-\. 

Let S* be a finite subset of W such that a; G as soon as x ^ y for some y & S. 

o 

Then ^5 := Uwes i^ ^ P-stablc quasi-compact open subset which coincides with 
[J^^gwBxQ. Conversely, any P-stable quasi-compact open subset is of this form. 
Let Go\ib{^q,s) be the abelian category of coherent P-equivariant ^f^^-modules 
and let Kb{^s) be the Grothendieck group of Coh.B{ffcis)- For ^ G Coh.B{&Qs)^ 
let us denote by [^] the corresponding element of Kb{^s)- For w G W, the 
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sheaf is a coherent i?-equivariant ^x-inodule and gives an element \&xj\ of 
KsiS^s)- The equivariant i^-group KsiS^s) is a module over the ring /('^(pt). For 
A G P, we denote by e'^ the element of ^^'^(pt) represented by the one-dimensional 

representation of B given by S ^ T C^. By P 9 A i— > e , ^^^^(pt) is isomorphic 

to the group ring Z[P]. We also denote by e'*' the element of Z[P] corresponding 
to A e P. 

For w G S", wxq G is a T-fixed point. It defines a T-equivariant inclusion 
iw'- pt ^ fig. Since any coherent i^Qg-module ^ has locally a finite resolution by 
locally free modules of finite rank (see Lemma l8.1|) . the /c-th left derived functor 
LfcZ^t^ vanishes for ^ 0. Hence we can define the i^'T(pt)-linear homomorphism 

il- KniSls) ^ KTiSls) ^T(pt) ^ ^^^(pt) 

by [#'] H- Y^={k~^y^\^^^*w'^\- Note that, similarly to the finite-dimensional case, 
we have 



(2.2) 




'1 — e") if X = w, 

unless X ^ w. 



Remark 2.2. The function W —>■ 7j[P] given by the equivariant localization x ^ 
coincides with the function in [7j. 

Lemma 2.3. Kb{^s) is a free KB{pt) -module with basis {[^x^]}wes- 

Proof. Let us argue by induction on the cardinality of S. Let w be a maximal 

o 

element of S. Set S' = S \ {w}. Then we have ils = ^s' U Xw Hence we have an 
exact sequence 

By induction ^^(^5/) is a free i^^s(pt)-module with a basis {[^x^eIIxgs'- Also 

o 

Kb{Xw) is a free -^'^(pt) -module generated by [^x^]- Hence Kb{^s) is generated 
by {[^xJ}xG5- By dOI) the image of {[^x^]}x&s under the map 

KBi^s) ^^^^ KBipt)^' 

is linearly independent over KB{pt). Here KB{pt)^^ is the product of the copies 
of KB^pt) parameterized by elements of 5*. □ 

Remark 2.4. For i G Z^qj let be the direct sum of Qa where a = rriiai G A+ 
ranges over positive roots such that rrij > i. Then is an ideal of n. Let Ui be 
the normal subgroup of U with as its Lie algebra. Then for any S as above, Ug 
acts on Qs freely for £ 3> 0, and the quotient space Ue\Qs is a finite-dimensional 
scheme. Hence ^5 is the projective limit of {Ue\Qs}e and Kb{^s) is the inductive 
limit of {KB/uXUA^s)}i. 

We set Kb{X) = hmKBi^s)- Hence we have Kb{X) = U KB{pt)[ffxJ- 

For w G VT, the homomorphism : /^^(^^s) — > KT{pt) induces a homomorphism 

z;:irBW-^AV(pt). 



By 
(2.3) 
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KBiX)>- 



w 



For i & I, set Xi = G/P^ . Then there is a canonical projection pi: X —>■ Xi 

o o o o o 

which is a P^-bundle. We have Pi{Xw) = PiiXws,) and p~ Pi{Xw) = Xw U Xws, 

o 

for any w G W, and we have the B-orbit decomposition Xi = U Pi{Xw)- 

w^W, wsi>w 

Similarly to Kb{X)^ we define KsiXi) as lim KsiPii^s))- It is isomorphic to 



n Ksip^^xj- 

There exist homomorphisms pi^ : Kb{X) — > KsiXi) and p* : Kb^Xi 



Kb{X), 



E 



k=0\ 



-l)'[R'^p,,^] = [p,,^] - [R'p^,^] and [^] ^ [K^], 



defined by [^] 
respectively. 

Any element A G P induces a group homomorphism — >^ T — > C^. Let ^js:(A) 
be the invertible <^x-Kiodule on X = G/B_ induced by this character of B_. Then 



we have a homomorphism of abelian groups Z[P] Kb{X) given by e 



(A)]. 



Note that, for A G P+, we have r(X; ^x(A)) ~ V(A) and H^{X; ^x(A)) = for 
^ (see 12). 

Similarly to the finite-dimensional case (plIH]), we have a commutative diagram 



Z[P] 



Kb{X) 



Here is given by 
(2.4) 



Z[P] 



^:(e' 



i^B(X). 



1 - e- 



and is called the Demazure operator. 

The i^'B(pt)-module structure on Kb{X) induces a i^'B(pt)-linear homomorphism 
Ksivt) ® Z[P] ^ KBiX). Let Z[P]'^ be the ring of VT-invariants of Z[P]. Then 
i^sipt) ~ Z[P] are Z[P] ^-algebras. The morphism Ksipt) O Z[P] Kb{X) 
decomposes as the composition of i^^B(pt) ® Z[P] /^^(pt) ^z[P]^' ^[-P] aiid 

/3: KBipt) ^^^p]wZ[P]^Kb{X). 

It is sometimes called the equivariant Borel map. 

Remark 2.5. By [7 , the equivariant Borel map ^^(pt) ®^p]w Z[P] Kb{X) is 
an isomorphism if G is a finite-dimensional simply connected semisimple group. 



The composition 

(2.5) .^'^(pt) ®z[p]w 

is given by a 6 ^— > a ■ {wh) . 



KB{pt)^'L[P] 
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3. Demazure operators 
Let Pi : X — > Xj be the P^-bundle as in §|21 In this section we shall show 

V^ViAWxJ\) = i 1 -r 

y \VxJ\ II WSi > w. 

Note that if wSi > w, then = p~"'^pi(X^) and pj(X^) = pj(Xu,s.). Moreover, 

o o o 

Xws, Pi{.Xwsi) = Pi{Xw) is an isomorphism. 
Lemma 3.1. We have R^Pi^ffx^ = for all w & W . 

Proof. Assume that wSi < w. Since X^s, = P7'^Pi{X^), we have ^x^s, = Pi^p^(x^)y 
which implies that R^pi^^x^^- = 0. Applying the right exact functor -R^j* to the 
exact sequence ^x^^. — * 0, we obtain R^Pi^^x^, =0- ^ 

As shown in 0, for any point p G X^,, there exist an open neighborhood Q of p 
and a closed subset 5* of A" for some n such that we have a commutative diagram 

X„ n — 5 X A°° 



A" X A°°. 

Hence various properties of X^ (such as normality) make sense. 

Proposition 3.2. For any w G VT, we have 

(i) X^ 2S normal. 

(ii) - 

Proof. Let us show (ji)) and (jnl) by induction on the length i{w). Note that when 
WSi > w, ^ follows from X^ = p~^pi{X^). 

When w = e, @ and (jnl) are obvious. Assume that i{w) > 0. 

Let us first show (jnl). We may assume wSi < w. We have a monomorphism 

o 

j- ^p^{x^) = Pi*^x^s, ^ Pi*^x^, which is an isomorphism on Pi{Xw)- By the 
induction hypothesis, X^Si as well as pj(X^) = pj(X^sJ is normal. Hence j is 
globally an isomorphism since Pi^^x^ is a coherent i^xr'^odule. 

Next let us show (jT)). Let be the normalization of ^x^,- Then i^x^ is a 
coherent i^x-module. Let S* be the support of ^x^/^x^,- Then S" is a 5-stable 

o 

closed subset contained in X^ \ Xw We shall show that S is an empty set. 

Otherwise let x G be a minimal element such that X^ C S. Then x > w. Let 
us take i G / such that xsi < x. Assume first wSi > w. Then ffx^ = Pi^Pi(x^)- 
Hence ffx^ is the inverse image of the normahzation of Gp^(x^)- Hence S = p^^Pi{S). 
This contradicts X^.^. (t S. Hence we have wSi < w. 

We have monomorphisms Gp^(x^) ^ Pi^^x^, ^ Pi^^x^,- By the induction hy- 
pothesis, X^s, as well as pj(X^) = pi^X^st) is normal. Since Pi^,&Xn, is a coherent 
i^p^(x„)-module and <^p,{x») ^ are isomorphisms on Pi{Xui), the 
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normality of pj(X^) implies that ^p,(x„) ^ Pi*^x^ is an isomorphism on Xj. Hence 
we have isomorphisms ffp^ {x^)^Pi* ^x^ Pu^x^ ■ _ 

We have an exact sequence Pi^^x^ ^ Pi*^x^ ^Jh*i^x^/^xJ R^Pu^x^- 
Since R^pi^ffx^, = by Lemma ITTl we obtain PiX^x^l ^xS) — 0- the other 
hand, since S" — Xj is an isomorphism on pi[Xx)-, the support of PiX^x^l ^xj) 

o 

contains Pi(Xx), which is a contradiction. □ 

Corollary 3.3. For any w '^W , we have 

^x„.J ifws,<w, 
'^xj ifwsi>w. 

Proposition 3.4. The module Gx^ is Cohen- Macaulay for any w G W . 

Proof. Since X^ has codimension £{w), S'xt'}f^{ffx^,, ^x) = for A; < l{w). Hence 
it is enough to show that S'xt'^^{ffx^, ^x) = for > l{w). We shall prove it by 
induction on l{w). When w = e, it is obvious. Assume that l{w) > 0. 
Set 

(3.1) ^ = T>'^'"^Rjrom^,{^x^, ffx), 

where r>^*^"') is the truncation functor (see e.g. lUj). Let us set S = Supp(.^). 
Then 5* is a i?-stable closed subset of X^. Let x ^ W he a. minimal element of 
{x & W ; Xx C S}. Let us take i E I such that xsi < x. If wsi > w, then we have 

which imphes that Pi^Pi{S) = S. Hence X^s^ C S, which is a contradiction. Hence 
we have wSi < w. 

Let ^x/Xi be the relative canonical sheaf, which is isomorphic to (^x(— Then 
the Grothendieck-Serre duality theorem says that 

(3.2) Rpi,Il^om^^{^x^,Qx/xAM) - R^om^.^^ (Rp,,^x„, ^xj- 

Since Rpi^^^x^ — ^pr(x^) by Lemma ITT] and Proposition l3.2l and since the induction 
hypothesis implies that pj(X^) = pi^X^Si) is Cohen-Macaulay, we have 

RM'om^,^{Rp.,^ffx^. GxA) ^ ^^xtX^-'i^Mx^h - iiw)]. 

Hence ()3.2p implies that 

Rpi^Rjeom^J^x^,nx/x.) ^ <^xtX^-\ff,^^x^), ^x.)[-i{w)]. 
Applying Rpi^ to the distinguished triangle 

c^xtX\^x^,^x/xJ[-iiw)] ^ Rjeom^^i^x^,nx/xJ ^x/x. 
we obtain a distinguished triangle 

Rp,,<^xtX\^x^,^x/xJH{w)] ^ ^xtX]'\^Mx^),^xJH{w)] 

^Rp^S■^®nx/x:, 

Hence, taking cohomology groups, we obtain 

R%S^ ® nx/xj ^ R'-'^-^^'p.^^xtX\^x^, nx/xj ^ 



-1 

— ¥ 
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for k > i{w). On a neighborhood of ^^(Xx), 5* — >• Xj is an embedding, and we have 
R'^p^^i^ ® Qx/xJ ^ P^.H\^ ® fix/xj. Hence ® fi^/xj = for A; > l{w) 

o 

on a neighborhood of Xx^ which is a contradiction. □ 

4. Affine flag manifolds 

In this section we shall consider affine flag manifolds. Let (aij)jjg/ be an affine 
Cartan matrix. Let (5 = and L = ZAj. We take L © Q as the integral 

weight lattice P. In the Cartan subalgebra t = IIom(P, C), we give the simple 
coroots /ij G t by 

{hi,aj) = ttij, and {hi,Aj) = 6ij. 

Remark 4.1. (i) We have taken L © Q as the integral weight lattice P. Let B 
denote the associated Borel subgroup. Let P' be another integral weight lattice 
satisfying ()2.1|) and let B' be its associated Borel subgroup. Then there is a 
map P P' and therefore a morphism B' ^ B. Hence we have morphisms 
-^-B(pt) A'B'(pt) and KBi{j>t)®KB{pt)^B{.X) Kb'{X). In this sense, our 
choice of P is universal, 
(ii) However our choice of P can often be realized as a direct sum P' © S, where 
5 C and g C P'. Then we have Kb{X) ~ Z[S] ®z Kb'{X). 

The Weyl group W acts on P and Q, and we have an exact sequence of W- 
modules 

where L is endowed with the trivial action of W . 

Let us set g+ = XliG/^^o*^* ^"^^ ^ ^ Q+ imaginary root such that 

{a G g ; a) = for alH } = Z5. 
Similarly, let us choose c G Xlig/ ^^o^j such that 

< /i G ^ Z/ij ; (/i, ai) = for alH [ = Zc. 

We write 

5 = ajOj and c = a,^/;,j. 

Then there exists a unique symmetric bilinear form ( , ) : P x P ^ Q such that 

(A, A') = for any A, A' G L, 

(4.1) {h.,X) =^^^ for any AGP, 

(c. A) = {6, A) for any A G P. 

Set gel = Q/Z6. Then W acts on g^. Let us choose G / such that the image 
Wci of in Aut(gci) is generated by the image of {sj}jg/\{o} and Qq = 1. These 
conditions are equivalent to saying that ao = 1 and 5 — ao is a constant multiple of 
a root. Such a exists uniquely up to a Dynkin diagram automorphism. Note that 

J 2 if0 9^A£\ J ZD r ^(ao,tto).+ 

{ao,ao) = < .„ /2) and ^ := 5 - e A+. 

4 ifg-A^^^ 2 
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Let denote the space of ly-invariant integral weights. We have in the affine 
case 

since, for any A G P, either A G P^ or WX is an infinite set (see Remark 111. 2|) . 

We see easily that P^ = {\ E P ; (/ij, A) = for alH } is isomorphic to Q by the 
map 1] : Q P^ given by 

(4.2) r^{(3)=(3-Y,{h^,^3)A^. 

iei 

Hence we have P = L 0P^ and Z[P] = Z[L] ®^ Z[P^], which implies 
Kei^t) ®z[P]^ ^[P] = AP] ®z[p^v] AP] = HP] ®z Z[L] = Z[L] ®z Z[P]. 
For any w eW, let il o /5: Z[P] ®i[pw^ Z[P] ^ Z[P] be as in 
Lemma 4.2. T/ie homomorphism induced by the i*^o f3's 

z[P] ®z[pw-]Z[P]^z[P]n'^ 

injective. Here Z[P]n^ is t/je product of the copies ofZi[P] parameterized by the 
elements of W . 

We shall give the proof of this lemma in ^ ITTl 
As a corollary (together with ()2.3p ). we have 

Corollary 4.3. The homomorphism 

i^B(pt) ®Z[PW-]Z[P] ^irB(X) 

is injective. 

Let R be the subring of Q(e'^) generated by e^*^ and (e"'' — 1)^^ {n > 0). Then 
we have an injective homomorphism 

(4.3) 13: R ®z[e±^] Keivi) ®z[p^] Z[P] ^ P ®2[e±*] Kb{X). 
Our main result is the following theorem. 

Theorem 4.4. For all w G W , \GxJ\ ^ i^B{/^\ considered as an element of 
R ®z[e±*] Kb{X), is in the image of the map (3 in ()4.3p . 

Hence, 0KB(pt)[^x„] may be regarded as a submodule of P ® Kb{j>^)®z\pw^^ 

Z[P]. 

We shall prove a slightly more precise result. 

Let ^: Z[P] — >• ^^'^(pt) (8)z[pw'] Z[P] ~ Z[L] ®i 1,[P] be the homomorphism given 

by 

(4.4) C(e^+^) = e"^ ® e^^^ for A G L and /3 G Q. 
We extend this to 

e: P®2[e±*] Z[P] P®2[e±^] KBivi) ®Z[P^] 

Set p = Xlie/^*- Then := (c, p) = Xlig/'^i^ is called the dual Coxeter number 
of g. Let us introduce the VT-submodule of Z[P]: 

(4.5) Z[P][o,-..):= Ze\ 

AgP,0^(c,A)>-K* 
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Proposition 4.5. For any w G W , there exists a unique 

Gw e -R®z[e±*] ^[-P][0,-K*) 

such thatf3o^{g^) = 

We call Qu) the afftne Grothendieck polynomial. The proof of this proposition is 
given in §[7|as an application of Theorem 15 . 21 b elow . 

Remark 4.6. In the finite-dimensional case, Z[P]^ is much bigger than Z[P'^], 
and the choice of Grothendieck polynomials is not unique. However, in the affine 
case Qu] is uniquely determined. 

Remark 4.7. Let ip: Z[P] —>■ Z[P] be the homomorphism given by 

^(e^+") = e^-''(") for A G L and aeQ. 

Then we have 

(4.6) g^-i = ip{gj for any weW. 

Indeed, let g ^ g be the Lie algebra homomorphism such that (p{ei) = fi, 
'Pifi) = and ip{h) = —h for h E t. It induces group scheme morphisms ip: B ^ 
and ip: i?_ B. Note that ip induces an isomorphism 

Z[P] ~ Kt{v^) ~ KB{v^)^KB_{vt) ^ i^T(pt) - Z[P], 

which is given by e^ i— >■ e~^. There exists a unique scheme isomorphism a: G ^ G 
such that a(e) = e and a{bgbZ^) = (p{b-)a{g)Lp(b)~^ for b G B, b- G P_ and g E G. 
We have Kb{X) ~ KbxB-{G), and a: G ^ G induces a commutative diagram 

Z[P] ^ KBipt) ® Kb_ (pt) — Kb^b^ (G) ^— Kb{X) 



k 







Z[P] KBivt) ® KbAv^) — i^BxBjG) Kb{X). 
Here A;(e^ e^) = e"^ (g) e"^. Indeed, fc^(e^+°) = A;(e"^ (g) e^+°) = e"^"° (g) e^ = 

Since a{BwB_) = Bw^^B_, we have ip{[^Xn,]) = which implies ()4.6|) . 

5. Vanishing of the Weyl group cohomology 

Let (PV, S) be a Coxeter group, where 5* is a system of generators. For a subset 
S' of S, let us denote by Ws' the subgroup of generated by S'. 

Lemma 5.1. For any W -module V, we have 

, {{f slags' ; Vs E V satisfy conditions (jH) and (jHl) below} 

11 ( W V ) —— 

{{t's}se5 ; there exists v E V such that = (1 — s)v } 

(i) (1 + s)vs = 0, 

(ii) for any pair of distinct elements s,t E S such that W^g^t} is a finite group, 
Here i: W ^ is the length function. 
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Proof. Let Z[W] — > Z be the augmentation homomorphism W 3 w ^ 1. Then 
its kernel is the image of the homomorphism ip: (Bses '^[Wjcg —>■ I^IW] given by 
(/9(es) = 1 — s. By definition, H^(W, V) = Ext^^^^y■^{Z, V) is the cohomology of 

}lomz[w]mW],V) ^ }iomz[w]{®ses^W]es, V) ^ Homz[i^](Ker((^), V). 
Hence it is enough to show that Ker(y9) coincides with the Z[Vr]-submodule gen- 
eratedby(l+.)e. G 1^) and E.,H.,.,,,..>.(-l)'^^^^e,-E.eH.,.,,,.t>.(-l)'^^'^^ 
where (s,t) G S x S ranges over the pairs as in (jnl). It is easy to see that 
those elements are in Ker Indeed, the last elements belong to Ker((y9) because 

Let z = J2w€W ses ^w^s'^^s be an element of Ker(y9) where a^^s G Z. 
Since '^^(,w,ses^^,sw{l - s) = 0, we have 

(5.1) ^ aw,s = ^ aws,s for all w eW. 

We shall show 2; G by induction on £, the largest number among the i{w)^s 
such that Oio^s 7^ for some s G S*. Then we shall show 2; G by induction on 
the cardinality of {{w, s) E W x S ; a^^g 7^ and £ = l{w) }. Let us take (wi, Si) 
such that a^j^si 7^ and £ = £(1^1). Subtracting a^^^siWiil + 51)65^ G iV from z 
when ifiSi < Wi, we may assume from the beginning that W2 '■= WiSi > Wi. Then 
i{w2) = Applying for w = W2, we have = J2ses ^W2,s = J2ses^w2s,s = 

<iwi,si + ^ses sytsi '^W2s,s- Hence there exists S2 7^ Si such that a^2S2,s2 7^ 0- Hence 
we have £(^2^2) ^ I < (-{W2) =(. + !. Hence W2 is the longest element in W2Ws^^s2- 
Therefore Ws^^s2 is a finite group. Let w^, be the shortest element of WiWs^^s2- Sub- 
tracting ±au„,s, (ExgH'{,^,,2},xsi>x(-l)^^''^^3a;e,,-E^gt^^^^ ^^j^^,^>^(-l)^(^)w3xe,2) 
in A^ from 2, we can erase the term WiCs^ in 2;, and the induction proceeds. □ 

Now let us return to the affine case where W is the Weyl group. Recall that R 
is the ring generated by e^'^ and (e"'' — 1)^^ (^7^0). 

Note that Z[P] is a direct sum of VT-submodules of the form Zc^ (Aq G P). 

Theorem 5.2. (i) // |/| > 2, then H^{W, R ®2;[c±«] HP]) = 0. 
(ii) For any affine Lie algebra g, (W, R i^z[c±^] ( Zc^)) = where p = 

\{c,X)\<{c,p) 

In fact, we shall prove more precise results. For J C I , let Wj be the subgroup 
of W generated by {sj ; i G J }. 

Proposition 5.3. (i) If J ^ I , then H^{Wj,Z[P]) = 0, 

(ii) if (c, Ao) 7^ and if Aq satisfies one of the conditions below 

(a) Ao is not regular (i.e., (/?, Aq) = for some /5 G A), 

(b) |/| > 2, 

then H\W, ©AgVKAo^e^) = 0, 

(iii) if (c, Ao) = 0, and {h^, Ao) ^ for alii E I \ {0}, then 

1 - e<'^°'^«>': H\W, ©AeH/Ao^e^) H\W, (Bx^wxo^e^) 
is the zero map. 
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Note that in (jml), we have WXq + Z{hQ,Xo)6 = WXq. Also note that, if < 
|(c, Ao)| < (c, p), then Aq is not regular. Together with H^{W,Z) = 0, it is easy to 
see that Proposition 15.31 implies Theorem 15.21 The proof of Proposition 15.31 will be 
given in the next section. 

Remark 5.4. If \I\ = 2 and Aq is regular dominant, then H^{W, Ze^) ~ Z. 

X£W\o 

6. Proof of Proposition 15.31 
In this section, we shall prove Proposition 15.31 

6.1. Proof of Proposition 15.31 (i), (ii). In the case (jnl), we may assume that 
(c, Ao) > 0. In such a case, WXq contains a dominant weight. Hence, in order to 
prove (P and dHI), it is enough to show that 

(6.1) H\Wj, Ze^) = 

under the condition 

f6 2) if J C / and {hi, Xq) ^ for any i E J. Moreover, when J = I 
and |/| = 2, we assume further that Aq is not regular. 

We shall show this by induction on the cardinality of J. If |J| ^ 1, then it is 
obvious. Assuming that \ J\ > 1, let us take zq G J, and set Jq = J \ {io}- Then 
(j6.H) is true for Jq by the induction hypothesis. 

Assuming that {vi)i^j with f j G Ze^ satisfies (jH) and (jn)) in Lemma I^TTl let 

xeWjXo 

us show the existence of v E Ze^ such that = (1 — Si)v. By the induction 
hypothesis, there exists v' E Ze'^ such that f j = (1 — Si)v' for all i E Jq. 

X&WjXo 

Hence replacing Vi with fj — (1 — Sj)f', we may assume from the beginning that 
f j = for all i E Jq. On the other hand, since (1 + Si^^)vi^^ = 0, there exists Uq such 
that Vig = {1 — Sig)uQ. By (jnl) in Lemma I^TTl we have 

(6.3) {—IY'^'^'^wuq = if j G Jo and W^i^jy is a finite group. 

It is enough to show the following: 

there exists a decomposition uq = zq + zi 

(6.4) where zq, zi E Ze'^ and Sj^zo = zq and zi is V^jg-invariant. 

AeH^jAo 

Indeed, we then have Wj^ = (1 — Sig)uQ = (1 — Sig)zi and Vi = = {1 — Si)zi for 

i E Jq. 

We shall show (j6.4|) under the conditions (j6.2p and (|6.3|) . Let d: WjXq ^ Zj>o be 
the function given by d{X) = "writing Ao — A = Xliej"^*'^* i^i ^ ^^o)- Let 

us write Uq = J2x€WjXo ^x^^- Set supp(Mo) := {A G WjXq ; Oa 7^ }, and we argue 
by induction on d{uQ) := max{d{X) ; A G supp(Mo) }. Then we argue by induction 
on the cardinality of supp™^''('Uo) := {A G supp(Mo) ; d{X) = d{uo) }. 

Let us take Ai G supp™'^''('Uo). If {hig,Xi) < 0, then d{si^^Xl) < d{Xi) and, 
subtracting the Sj^-invariant aAi(e'^^ + e'^*o-'*i) from uq, we can delete the term e'^^ in 
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Uq. If (/ijQ, Ai) = 0, then subtracting the SjQ-invariant ax^^e^^ from uq, we can delete 
the term e'^^ in uq. Hence we can assume that {hi^, Ai) > 0. 

Now assume that {hi, Xi) > for some z G Jq- Then Ai is regular dominant with 
respect to {io, i}. If / = {io, i}, then Ai = Aq and it contradicts the hypothesis that 
Ao is not regular. Hence / 7^ {^o,"^} and W^{io,j} is a finite group. Therefore ()6.3|) 
implies that J2weWs- , (-l)^^'"-'a«'Ai = 0- ^oi w G W^{io,i} \ {e}, we have a^Ai = 0, 
because d{wXi) > d{Xi). Thus we obtain the contradiction = 0. 

We thus conclude {hi, Ai) ^ for all i G Jq. Hence d{X) < d{Xi) for all A G 
W^JqAi \ {Ai}. Then subtracting the l^jQ-invariant axj^{ ^ e^) from uq, we can 

erase the term e^^ in uo, and the induction proceeds. Note that Wj^ is a finite 
group. 

Thus we have proved ()6.4|) under the conditions ()6.2p and ()6.3|) . 



6.2. Proof of Proposition 15.31 (iii). We may assume that {ho, Xq) < 0. Set 
Iq = I \ {0}, and let Wq be the subgroup of W generated by {sjjj^o- Then WXq C 
WqXq + Z6. Hence, as in the proof of (jnl), it is enough to show that if Uq G 
Z[e^'']e'^ satisfies the condition 

AeWoAo 



(6.5) {—IY^'^'^vjuq = if j G Jq and W^{oj} is a finite group, 
then 

there exists a decomposition (1 — e^'^"'''*"'*'^)Mo = zq + zi 

(6.6) where zq, G Z[e^'']e'^ and sqZq = zq and zi is PFo-invariant. 

xeWoXo 

Let us write uq = J2xeWoXo '^^e'^ with ax G Z[e^'^]. Let us set 6 = 6—ao G '-""^""^ A+. 
Let be the reflection with respect to : se(A) = A — ^^§^0- Then se belongs 
to Wq, and SqAq = s^Aq — {hQ,Xo)S. We have an so-invariant Zq := e^" + e'^°^° = 
gAo _j_ g-(/io,Ao>5gSeAo_ Subtracting a constant multiple of Zq from uq, we may assume 
that aggXo vanishes. On the other hand, Zi := X^agvkoAo ^ VFo-invariant. Their 
linear combination e~^'^°'^"'^^Zi — zq has no term e**®^" and the coefficient of e''*" is 
g-(/io,Ao>(5 _ Hence subtracting a constant multiple of it from (1 — e^'^°''^°'^^)uo, we 
may assume that and ctsgAo vanish. Let us set supp(-uo) = {A G WqXo ; oa 7^ }. 
By subtracting an So-invariant from uq, we may assume further that 

(6.7) {9, A) = —{ho. A) > for any A G supp(uo). 
Hence we have reduced the problem to proving 

(6.8) if oao = flsgAo = and if Uq satisfies (j6.5j) and (j6.7p . then uq = 0. 

If |/| is 2, it is obvious, since WqXq = {Ao,seiAo}. Let us assume |/| > 2. Hence 
Vr{o,j} is a finite group for all i E Iq- 
For A G WqXq, we set 



(6.9) ax+ns = e "-^ax. 
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SO that we have ax+nsG^~^^^ = axe^. Then ()6.5|) reads as 

(6.10) J2 {-^Y^'^^awx = for any A G WqXo + M and i G Jq. 

Note that sqX = sgX — {ho, X)6 and 

(6.11) a,,x = e<'^'"^>'a,,A. 

Sublemma 6.1. Let X G WqXq. If k E Iq satisfies {ao,ak) = 0, then ax = o-SkX- 

Proof. We may assume that (/iq, A) < 0. Then, (j6.7|) imphes that W^{o,fc}A fl 
(supp(mo) + C {A, SkX}, and ()6.10|) imphes the desired resuh. □ 

Set 

Ii:={k e I; (ao,afc) = 0}, 

and let Wi be the subgroup of W generated by {sk ] k E Ii}. Then Sublemma 16.11 
implies that 

(6.12) ax = a«,A for any w G Wi. 

Now we shall divide the proof into two cases: 

(A) there exists a 1 G Jo \ /i such that (ai, ai) 7^ {ao, ao), 

(B) for all i G Jo \ /i, we have (a^, a^) = (ao, ao)- 

Cage(|X|) In this case, J = {1} U Ji and (/iq, ai){hi, ao) = 2 as seen by the classi- 
fication of affine Dynkin diagrams. Note that {0, 1} is a Dynkin diagram of type 
C2. Then 9 := S — ao = Xli^o'^*'^* satisfies {ho, 9) = —2, and hence we have 
{ho,ai)ai = —2, which implies Oi + {hi,ao) = 0. Since {hi, 9) = —{hi,ao), we 
have P := Si9 = (oi + {hi, ao))ai + ^jgj^ ctjaj = X^ie/i Hence /5 is a constant 
multiple of a root in A fl (Xlig/i ^ctj); and belongs to Wi. Assuming that Uo 
does not vanish, let us choose an element /i in supp(Mo), highest with respect to Jo 
{i.e., maximal with respect to the ordering ^: ji ^ ji' ii jj, — jj,' E XltG/o ^^octj). By 
()6.12|) . we have 

(6.13) {hk,fi') ^ for any k G h. 

Let us show that {hi, /x) ^ 0. Otherwise, /i is regular and anti-dominant with respect 
to {0,1}. By fl6.7|) . we have VTjo.i}/^ H (supp(Mo) + Z,6) C {/z, si/z, siSo/i, siSoSiyu}. 
We have si/i > /i, and hence a^-^^ = 0. Since S/3 = siSgSi, we have asj^sefi = dsssin = 
Osi/x = by ()6.12|) . Hence we have dsisg^ = 0. Thus we obtain Vr{o,i}/in (supp(Mo) + 
Z5) C {fl, , siSoSifi}. Hence fj6.10|) implies that — Osj^qsi/x = 0. On the other 
hand, we have a.^.^si/. = e'^''°''^^^^as^ses^f^ = e^^o-^^'^^'^a,^^ = e<''«''i^>'^a^. Hence 
(1 — e^'''''''i^^'^)a^ = 0. Since {ho, Sin) = {siho, n) < 0, we obtain a^ = 0, which is a 
contradiction. 

We thus conclude that {hi, jj) ^ 0. Along with (j6.13j) . /x G VTo-^o is dominant 
with respect to Jo, and hence we conclude /i = Ao, which contradicts oa,, = 0. 

Case(0 The proof in this case is similar to the one in Case(0, but slightly more 
complicated. In this case, |/o\/i| is one or two by the classification of affine Dynkin 
diagrams. The case |/o\A| = 2 is exactly the case An'^ {n ^ 2). Set /o\/i = {^i,'^2} 
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(when |/o \ /i| = 1, by convention ii = 12). We have (ao; ctj) = ~1 for i ^ h \ h, 
6* := 5 — ao is a root, and 

ieh ieh 

(when |Jo \ III = 1, 5 = ao + Saj^ + X]jG/i ^«'^»)- 
Let w G VTi be the longest element of Wi. 

Sublemma 6.2. We have wsi^9 = ai^. 

Proof. We have Si^9 = 9 — = + J2ieh ^i^i- Moreover, we have {hk, Si^9) = 
~{hk — (^fcj tto) ^ for k G Ii. Hence Sj^^ is dominant with respect to Ji. 

Hence wSi^9 is anti-dominant with respect to Ii. {hk,wSij^9) ^ for any k G /i. 
Write 

wsi^9 = + (3. 
Since wsi^9 is a root, (3 has the form 

(5 = ^^mjCtj with G Z^o- 

iG/l 

Hence we have {f3,wsi^9) ^ 0. On the other hand, (ao,ao) = (a^a + Z^, + /^) 
implies that (/3,/3) + 2(/5,Q;i2) = 0- Hence we obtain {(3,(3) = 2{(3,ai^ + /?) ^ 0, 
which implies /? = 0. □ 

As a corollary, we have wSi^seSi^w = Si^ and 

(6.14) Si^wsi^se = wsi^. 

(6.15) Si,,sewsi^se = w 

Indeed, the last equality follows from {wsi^se){wsi-i^se) = {sij^wsi^){si^wsi-^) = e. 

Assuming that uq does not vanish, let us choose fi in supp('Uo), highest with 
respect to Iq. By fl6.12|) . we have 

(6.16) {hk, jj) ^ for any k G /i. 

Let us show that (/ijj,yu) ^ 0. Assume the contrary: {hi^,fi) < 0. Then fi is 
regular anti-dominant with respect to {0,^1}. Since Sj^/x > /x, we have 

(6.17) as.^^, = 0. 

The property (j6.7p implies that VTjo.n}/^ H (supp('Uo) + Z5) C {/i, Sj^/i, Sj^So/i}, and 
hence by (j6.1(jp . together with (j6.17|) . we have 

(6.18) + tts^^sofi = 0. 

Set fii: = wsij^sgfi. Then we have (a;o,yUi) = {uq, Si^^SQfi) = {soSi-^ao, fi) = {ai^, 11) < 
and (aj2!/^i) = {si'^wai^, sq^) = {9,S9fi) = —{9,ii) < 0. Hence /xi is also regular 
anti-dominant with respect to {0,12}. By (16. 7|) . we have VF{o,i2}/^i ^ (supp(Mo) + 
Z6) C {fii, Si^fii, Si^Sofi}. Since Si^fii = Si^wSi^seii = wsi-^fi by (j6.14p . we have 
^Si^fii = (^wsi^fi = C'Si^fj, = by (j6.17|) . Here we used (j6.12p in the second equality. 
Hence we have W^{o,j2}/^i ^ (supp(uo) + Z(5) C {/ii, Si^Sofii}, and ()6.10|) implies that 
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By fl6.15|) . we have Si^sgfii = Si^sgwSi-^^sgfi = wfi, which imphes dsi^sgin = cifi by 
(jniI2). By (jnini), we have a,,^,^^, = e^'^o-'^i^a^^^,,^, = e^'^'i-'^^a^, and a^, = a^.^ssM = 
g-(ho,/.>^^^^^^^_ Thus we obtain e<''H'/^)a^ + e-^'^O'^^a^.^^^o^ = 0. Together with 
and {ho, fi) + {hi^, ji) < 0, we conclude that = 0. It is a contradiction. 

Hence we have obtained {hi^, ^) ^ 0. Similarly we have {hi^, ^) ^ 0. Thus /i is 
dominant with respect to /q, and hence = Aq, which is a contradiction. 



7. Proof of Proposition 14.51 

In this section we shall prove Proposition 14.51 as an application of Theorem 15.21 
CoroUarv 13.31 implies that for any w e IV we have 



(7.1) 



if wsi < w, 
if wSi > w. 



Lemma 7.1. Let J G I. If A G -R ®2[e±<s] Kb{X) satisfies the conditions: 

(i) PiPi*^ = for all i e J, 

(ii) PiPi^A = A for all i e I \ J, 

(iii) tlA = 0, 

then A = 0. 

Proof. Write A = Ylwew '^^WxJl (infinite sum). Then the condition (iii) implies 
that tte = 0. Let us show = by induction on ^{w). 
By ()7.H) . we have 



p*Pi^A = {a^ + a^s 

xGW, xsi>x 



X-x 



If xsi < X for some i G I \ J, then (ii) implies = 0. The condition (i) implies 
that Qx + axsi = for any x and i E J. 

Let us take i such that wSi < w. If i ^ J, then = 0. If i G J, then the 

induction hypothesis implies that vanishes. □ 

Let us recall that we have a monomorphism fCorollarv 14. 3|) : 

/3: R ®^,±s^ Keipt) 0^pw^ Z[P] ^ R ®2[,±.] Kb{X). 

Let us also recall 1 ® G End(-R ®z[e±*] Ksipt) ®z[pw'] ^[-P]) which acts on the 
last factor Z[P] as in ()2.4|) . Then, we have a commutative diagram (for ^ see fl4.4|) ): 



R ®z[e±.] Z[P] R ®^[,±.] irB(pt) ®2[p;v] Z[P] ^ 



R< 



V'iPi 



R 

Let : 
(7.2) 



Z[P] >^-^ i? ®2[e±*-] i^i?(pt) ®z[p^] ^ ®z[c±*] Kb{X). 



Z[P] ^ P ®z[c±*i Z[(5] be the homomorphism given by 



g«,(A+a)-A for A G L and aeQ. 
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(7.3) 



Ri 



h[e±S] Z[P] >- 



We have = for w 7^ e. 

Hence in order to prove Proposition 14. 5^ it is enough to construct Qw ^ R<^ 
Z[P][o_K*) which satisfies 



(7.4) 




if wsi < w, 
if wSi > w, 



for w e, 
for w ^ e. 



, (iii) 3e{Gw) = 
Then Lemma l7. II guarantees that 

Hence is the affine Grothendieck polynomial. 

We shall construct such ^^^'s by induction on i{w). Assuming that Qx ^ R 
Z[P][o has been constructed for a; < w satisfying ()7.4j] . let us construct Qu 
that is Sj-invariant if xsi > x, x < w, and = Gxsi if xsi < x < w. 

Let us set J = {i E I ; wSi < w}, and pj := ^ — ^^'^Sw- We have 



Note 



(7.5) 



o e 



-pj 



0(1 



for i E J, 



{% - 1) o e- 



-pj-«.(l _ e-"')-i o (1 - Si) ioiieI\J. 



Hence the condition ()7.4|) (ii) reads as 
(7.6) (1 - s,)B -- 



otherwise. 



Assume that this equation is solved with 

(7.7) BeR ® i © Ze^). 

Z[e±«] \c,pj)^{c,\)>{c,pj^p) 

Set C = je{B) e R ®z[e±*] ^[Q]- Then r]{C) (see (|01)) belongs to R Ozic*''] 
Z[P'^] and satisfies je{j]{C)) = C. Therefore, Q^, '■= e~P-^{B — rj{C)) belongs to 
R ® ( © Ze''^) and satisfies all the conditions in ()7.4|1 . 

Z[e±'5] 0^(c,A>>-(c,p) 

Thus we reduced the problem to solving the equation ()7.(j|l with ()7.7p . 

In order to solve ()7.fij) with ()7.7j) . let us apply Theorem 15.21 (jnl). Note that 
{I - e-°'')gu,s^ R ® ( © Ze^). Since J 7^ /, we have (c,p) > 

Z[c±^] (c,pj>^(c,A)>(c,pj-p) 

{c,pj) and (c, pj — p) ^ —{c,p). Hence, by Theorem 15.21 (p H). it is enough to show 
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the compatibihty conditions @ and (jnl) in Lemma f5. II namely 

(i) (1 + Si)eP^{l - e-°Oe?«,s, = for all i e J, 

(ii) if z, j G J, then 

(iii) if iEJ,jEl\J and is a finite group, then 

J2 (-l)'("W-^(l-e-"06^«,.. = 0. 

Proof of ()7.8|) (i) This follows from the fact that Qwsi is Sj-invariant, which implies 
that e''^(l - e-O^^^s, = (1 - Si){ePjg^sJ. 

In order to prove (j7.8p (ii), (iii), let us recall the following well-known results 
on Demazure operators. For x G W, ■ ■ ■ ^j,„ does not depend on the choice of 
reduced expressions x = Si^- ■ ■ Si^. We denote it by We have ^x^i = ^x if 

XSi < X. 

Proof of ()7.8|) (ii) Since wsi < w and wsj < w, w is the longest element in wW{ij}. 
Let wi be the shortest element of wW^ij}, and wq the longest element of W{ij}. 
Hence w = wiWq. Let At. = fl (Zctj + Zaj), and D = Y[aeA+ ~ e~°). 
Then we have (see e.g. [BIH]) 

= e-^'^D-i ^ (-l)^(")a; o e^^. 
Since ^^o^t„s, = Qw, = ^woQwsj, we have 

It remains to remark that 

xeW^ijy xe:W^i^jy,xSi>x 

Y (-l)'("W-(l-e-"06^-... 

xSiW^i jy, xSi>x 

Proof of fj7.8p (iii) Let wq be the longest element of W^ij}, and let wi be the 
shortest element of wW^ijy. Hence WiWq is the longest element of wW^ijy. 
It is enough to show that 

Y (-l)^(^)xe^>(l-e-06^«,s. = 0. 

x£W^ijy,xSi>x 

Since e^'(l — e~"*)^^s, = (1 — Si)e^'Qwsn it is enough to show 
(7.9) Y (-l)'^"^a;e^'6^«... = 0. 



x€W, 
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Since wsj > w > wsi, we have ^wosjGws^ = Gwi = ^woGwsf Hence we have 

Setting K = {^wosj — ^wo) ° e"^% we obtain 

(7.10) Ke^^g^s, = 0. 

Since K = {^wos, - ^wq) o%o e"^* and % o e""^' = e"'^'(l - e""0"^(l - ■^i), we 
have 

(7.11) Ko{l + Si)=Q. 

On the other hand, we have K o &j = (^u,„s^ - o o e~^' = 0. Since 
= (1 + Sj) o (1 — e""-')"-'^, we have = K o (1 + sj) o (1 — e""-?)"-*^, which imphes 
K o (1 + Sj) = 0. Together with (jT.llj) . K can be written as K = ip o E for some ip 
in the quotient field of Z[P]. Here, E = J^x^w^ ^ (— l)^*-^''^;. Since K ^ 0, ip does 

not vanish and (|7.1(jp imphes the desired resuh Ee^^Q^s- = 0. 
This completes the proof of (|7.8p . 

8. Global cohomology character formulas 

The affine Grothendieck polynomials give the character formula for the coho- 
mologies of i^x„(yu) := ^x^, ® ^x{,lj) under certain conditions on /i G P. 

o 

For w G W , the P-orbit Xw is contained in a T-stable open affine set V^, :=wBxq 
as a closed subset. As a scheme with T-action, Vu, is isomorphic to the group scheme 
'^U whose Lie algebra is 3a- We have a commutative diagram 

Xw naGA+ni«A+ 0" 



Let Coh7-(^v'„) be the abelian category of coherent T-equivariant ^Vu,-modules. 

Lemma 8.1. Any ^ G CohT(i^Vu,) admits a free resolution in Coh.T{^Vi,) ■ 

(8.1) F„ ® ^ > E^(E) ^ Eo® ^ ^ ^ 0, 

where E^ are finite- dimensional T -modules. 

Proof. Set E = (BaewA+iSa)* ■ Then Vw is isomorphic to Spec(5'(-E')). Hence, there 
exists a finite-dimensional T-stable subspace E' d E such that ^ is the pull back 
of a coherent T-equivariant sheaf on Spec(S'(i?')) by the faithfully fiat projection 
Spec(5'(£')) Spec(S'(ii^')). Hence the assertion is a consequence of the following 
well-known lemma. □ 

Lemma 8.2. Let E he a finite- dimensional T -module whose weights are contained 
in {X E P ] {h, X) > 0} for some h E P* . Then for any T-equivariant G'E-module 
^ , there exists a free resolution of ^ in CohT(^£;).' 

^ T; ® ^ > Ti ® ^ To ® ^ ^ ^ 0, 

where E^ are finite- dimensional T -modules. 
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For a locally closed subset S* of a topological space Z, we denote by Hg{Z; •) the 
k-th relative cohomology, and by Jifg[») the k-th local cohomology (see e.g. |21E])- 
The following results are proved in 

Lemma 8.3. For w ^ W and ^ E P , we have 

(i) H\ (X;^x(/i)) = 0/orA;^£H, 

(ii) H^o^\X] ffx{lA) isomorphic to the dual Verma module with highest weight 
w{iJ, + p) — p, and 

Here, for a T-module M such that its weight space Mx of weight A is finite- 
dimensional for any A G P, we set 

(8.2) ch(M) = J] (dim M^) e\ 

AGP 

Lemma 8.4. For any w & W and any coherent T-equivariant ffy^-module , we 
have 

(i) H\ (K,;^) = fork>i{w), 

(ii) For any ^ G P, dim if „ (K^; J^)^ < oo, 

Xw 

(iii) there exists a finite subset S of P such that the set of weights of H\ (l^; ^) 

is contained in S + where Q_ := Z^oc^j; 

(iv) j:{-l)'ch{Hl (V^-J^)) = (-l)^Hch(ff^)(X;^x))-(E(-l)'ch(L,C^)). 

k ^™ k 

o 

Proof. Since Xw is a closed subscheme of the affine scheme V^, defined as the in- 
tersection of the zero loci of (1 ^ i ^ ^("W^)) for some fi G ^y^(V"^), we obtain 

Let us prove the other statements. Let us take a free resolution as in 1)8.11) . 
Then ifo (K,; ^) is the cohomology group of F, ® ii5"'''(K,; ^x)- Hence the 
results follow from the corresponding fact for H\ (V^; iffx) in Lemma 18.31 and 

Xw 

E(-i)'= ch(L,^;^) = ch(Pfc). □ 

k k 

By this lemma, we obtain the following result. 
Proposition 8.5. (i) For w G W and a B-stahle quasi-compact open subset Vt of 

o 

X such that Xw C ^2, we have homomorphisms 

(8.3) Kb{X) > Kb{^) > JJ Z e^ 

AeP 

oo 

given by [^] ^ ^ (-1)^ c\i{H^ {Q; ^)) . 

k=0 ^™ 

(ii) ^(-l)^ch(ii^„ (X;^)) = (-l)^('")ch(i75")(X;^x)) ■ ch(2;([^])) for any 

X W X W 

^ G CohB(^x). 
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Lemma 8.6. Let w,x eW and fi E P. Then, we have 

M'^ {^^J = and H\ (X; ffxM) = unless x ^ w and k = e{x) - i{w). 

Xx Xx 

Proof. We may assume that c X^. Set ujx^ = '^'xt^^^ {^x^-, ^x)- Since ffx^ 
is Cohen- Macaulay by Proposition 13.41 we have ffx^ = ^i^om^^^ux^, ffx)[^{'w)], 
and 

J^^ i^xj = ^xt';-J^'"^-'^'^\ux^,J^'J^\i?x)). 

Xx Xx 

Let ^ be a generic point of Xx- Since x)s, is an injective (^x)5-iiiodule 

(see i^xJi = for A; ^ i{x)-i{w). Since J^t {^xj is a quasi- coherent 

Xx Xx 

o 

i?-equivariant ^x-module and Xx is a i?-orbit, (^x„)|y^, = 0. Let j: "—^ X 

X.X 

be the inclusion. Since j is affine, M't = = for 7^ 

Xx X X 

i{x)-i{w). 

Since Xx is affine, ^ (X; ^xj/u)) = T{Xx; i^xM)) = for £{x) - 

Xx Xx 

i{w). □ 

Note that Lemmas 18 . 1H8 .61 still hold for any symmetrizable Kac-Moody Lie alge- 
bra g. Now we shall use the fact that is affine. 

Lemma 8.7. For w G W , let us write 

(8.4) g^= aA,ae^+" with ax,a e R. 

{X,a)eLxQ 

Then 

ch(if5^)-^(-)(^;^xJ/i))) = (-i)^(-") e-(/-+^)-^j.(g^) 



Proof. By Lemma [8.31 and Proposition 18. 5( we have 

Xx 

= 5^(-l)^ch(i7| (X;^xJ/i))) 

k 

k (A,q)6LxQ 

= (-l)^(^) 5^ ax,a e-' ch{H'^^\X; ffx{l^ + A + a))), 

(A,Q)eLxQ 

which implies the desired result. □ 

For £ G Z^O) let {Xu,)i = U^X^ where x ranges over the elements of W such that 
X ^ w and i{x) ^ i{w) + i. Then {(X^)^}^^^^^ is a decreasing sequence of 5-stable 
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o 

closed subsets of X^. Moreover, (X^)^ \ is a disjoint union of Xx where x 

ranges over the elements of W such that 

(8.5) x^w and £{x) = £{w) + I 

By Lemma (8 .61 we have 

HtxMx.),jX;^xM) = for k^i, 

because it is the direct sum of H'l {X; 6'x^{lj)) where x E W ranges over the 

elements satisfying ()8.5|) . Hence, by a general argument (see I^IIH]), H^{X; ^x„,(/^)) 
is the fc-th cohomology group of 

(8.6) 

Corollary 8.8. Let fj, E P and w G W . Assume that {c, fj,) ^ 0. Then, for any 
e G P, Edim//^(X; ffxM)i finite. 

k 

Proof. Let us set d{a) = Yli'^^i ~ Xlj^i'^* ^ Q- With the notation as in 

()8.4p . if ax^a 7^ 0, then {c, X + a + p) > by Proposition 14.51 Hence, we have 
{c, fi + X + a + p) > 0. Therefore, for any integer n, there are only finitely 
many x E W such that d[p + X + a + p — x{p + A + a + p)) < n. Hence, 

E dimHV~^^'^\x- ffxM)^ is finite by Lemma lO Since H^{X-ffxM) is 

X&V Xx 

a sub quotient of H'l (X; ^x„(/^))5 we obtain the desired result. □ 

x&W,l(x)=k+l(w) Xx 

Thus we obtain the following proposition. 

Proposition 8.9. Let w eW and p E P. Assume that {c, p) ^ 0. Then we have, 
with the notation ()8.4j) . 

(8.7) 5^(-l)'=ch(i7^(X;^xJ/^))) = J2 «A,ae-V+A+., 

k {X,a)£LxQ 

Note that ^^(-1)^ ch(i7'=(X; ^xM)) has a sense by Corollary El 
Proof. We have 



k k 



TTr Xx 



and Lemma [8.71 implies the desired result. □ 

Conjecture 8.10. We conjecture that, if p is dominant, then H^{X] ffxy,{p)) = 

for k ^ and 

(8.8) r(X;^x(/i))-r(X;^xJ/i)) 
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is surjective. 

Note that T{X; ^xilA) is isomorphic to the irreducible g-module V{ij) with high- 
est weight /i, and the kernel N of (j8.8|) is equal to {v G V{jj) ; U{b)v fl V{^)w^ = }• 
The module V{fi) has a non-degenerate symmetric bilinear form with respect to 
which the e^'s and the /j's are adjoint to each other, and is orthogonal to 
U{b-)uwfj.- Here is a non-zero vector in the one-dimensional weight space 
V{n)u,^j.- Hence if the conjecture is true, (r(X; is isomorphic to 

U{b^)uyj^ C V{fi). By Proposition 18.91 Coni ect ure 18 . 1 Ul implies 

(8.9) ch.{U{b-)uwfj.) = ctA,Qe~^XM+A+o for any dominant integral weight /i. 

{X,a)eLxQ 



9. EQUIVARIANT COHOMOLOGY 

Theorem 14.41 implies a similar result on the equivariant cohomology of affine 
flag manifolds. For a 5-stable quasi-compact open subset fl of X, the equivariant 
cohomology H^{Q,C) is a free module over the ring H^{pt,C) ~ C[t] = ^(t*) 

o 

generated by the S-equivariant cohomology classes [X^] {Xw C For any k, 
H%{X, C) ~ H^iyt, C) if Vt is large enough (if 2 codim(X \fl)> k + l). Hence we 
have 

Hl{XX)= ifB(pt,C)[Xj. 

We have a homomorphism S{V) H%{X, C) by P 9 A C2(^x(A)) G Hl{X, C), 
where C2 is the second Chern class. It induces an if^(pt)-linear homomorphism 

^B(pt) ®siV)^-S{i*)^H%{XX). 

Let us write H^{X, C) = Ylk -^_b(^' The equivariant Chern character defines a 
homomorphism 

chs: Kb{X) ^ H%{X,C). 
Hence we have a commutative diagram 

KBijyi) ® Z[P] Kb{X) 

exp igi exp chg 

HUpt, C) ® ^(t*) H*b{X, C) 

where ^(t*) = Un •^"(t*) and exp : Z[P] ^ 5(t*) is given by P 9 A ^„ A^/n! G 
Sii*). 

Since the component of chsi^Xn,) of degree 2£(w) coincides with [X^], we can 
translate Theorem 14.41 as follows. 

Theorem 9.1. C[5, r^] 0c[S] H^pt, C) ®s(t*r ^ii*) ^ C[S, 5-'] ®c[5] H*b{X, C). 
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Note that S{t*)^ ~ S{t*^)[A], where A is the Casimir operator 
^ (ai, ai) [Oi, ai){aj, aj) 



1 . 1 



2 

Remark 9.2. The absolute -ft"-group K{X) is similarly defined. It is isomorphic 
to Ylwew '^[^x^i,] and there is a Borel map Z[P] ^ i^'(X). However, Theorem 14.41 
gives no information on this map because 1 — e"*^ vanishes in K{X). 

10. Examples of affine Grothendieck polynomials 
It is easy to verify directly that 

gs, = l- e"^' for all i e I. 
Indeed, we have an exact sequence in Cohsi^x)'- 

^ Ca, ® ^xi-A^) ^^x^ ffx.^ ^ 0, 

where Ca^ is the one-dimensional S-module with weight Aj. 

Slightly more generally, if {sj ; j & J} is a collection of mutually commuting 



simple refiections for some J G I, then 

The proof of the existence of the elements given in this paper yields an al- 
gorithm to compute them. We have implemented this algorithm and used it to 
provide the examples below, using the notation g = e^ and = ^^^w^^^^^x^^ 
for the sum of the exponentials of the weights in the orbit of the element A G P 
under the Weyl group H/j-\{o} of the classical subalgebra. Usually A is taken to be 
anti-dominant with respect to W7\{o}- We write only the subscripts of the simple 
refiections to indicate Weyl group elements, so that Qiq means ^siso' example. 

For A^^li (n ^ 2) (/ = Z/nZ = {0, 1, . . . , n - 1}): 

= 1 + (1 - g)"'{gE-^° - E-^^ + ^E-^i-^^+^'=+i+"i+-+"^-}. 

k=l 



For aJ^^ 



Qoio = 1 + ((1 - g) (1 - q')y\-{l + + ?')E-^° - gE-^"-'^^ 

- g2EAo-2Ai+ai ^ ^ q^)E-^^ + {q + g2)E-2Ao+Ai _ ^25.-3Ao+2Ai-ai|^ 

6?ioio = 1 + ((1 - g)(l - q'){l - q'))-'{q{l + q + q'){l + q + q')E~''' 

+ + q^ + g')E-^°-"^ + g2E3Ao-4Ai+2ai _ + ^2 ^ ^3) j.2Ao-3Ai+ai 

+ {q + q' + g=^)E^°-2A, + (1 + ^ + ^2)^^ ^ ^ ^ ^3)eAo-2Ai+«i 

- (1 + g + + g2 + q^)E-^' - g^E-^^-^^ 

_ (g3 ^ ^4 ^ ^5)E-2Ao+Ai ^ ^5E-3Ao+2A,-a,|^ 
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Wo = 1 + ((1 - g)(l - q'){l - q'){l - q'))-\ 

- (1 + + g + g2)(l + + 2q^ + q' + g6)E-^° - g4E-Ao-2ai 

- q{l + g)(l + g^)(l + q'^ + q^ + g4)E-^o-"i - g6E3Ao-4Ai+2ai 

+ q\l + g)(l + g2)E2Ao-3Ai+ai _ ^3^^ + g2)(^ ^ ^ ^ g2^)EAo-2Ai 

- g'(l + g)(l + g')(l + g + + g^)E^"-2^i+"i 

+ q{l + qfil + q'){l + q^ + g^)E-^i + ^^(l + g)(l + g2)E-^^-"^ 

+ q{l + q)\l + q'){l + q^ + q^)E-^'^°+''' + q\l + q){l + g2)E-2Ao+Ai-2ai 

-g^(l + g^)(l + g + g2)E-^^o+2A, 

- q\l + q)(l + q')(l + q + q' + 54)E-3Ao+2Ai-ai 

+ q\l + g)(l + g2)E-4Ao+3Ai-2ai _ g6g-5Ao+4Ai-2ai | _ 

For 4^^: 

^010 = 1 - Q-J^o-Ai + (1 - g)"i|_ge-^°(e-°i + e-'^'-'^') 

_ g-Ai^gQi _|_ g«i+Q2~j _|_ gAo-Ai-A2+ai+a2 _j_ gg-Ao+Ai-A2-ai 
_j_ gg-2Ao+A2-ai-a2 _j_ g-2Ai+A2+ai| 

G210 = 1 + ((1 - g)(l - q')r'{-{q' + g')E-^" + {q + g')E-^^ 

_ ■g2A()-3A2+oi+2o2 _|_ _|_ q^-^M)-'2M+Q2 _ (^g _^ g2^-gAi-2A2+a2 

- (1 + g)E-^2 _ gE-^2-«i _ (g + g2^)gAo-Ai-A2+ai+a2 

+ [q + g2^g-Ao+Ai-A2-ai _ g2g-2Ao+2Ai-A2-ai _ g2g-2Ai+A2+ai | 

6^1210 = 1 + g-iE-^i-^^+"i+"^ + ((1 - g)(l - g'))-'{-(l + q + q' + g=^)E-^° 

_ g2Ao-3Ai+2ai+a2 _j_ _j_ g^EAo-2Ai+ai _ gg-Ai-a2-a3 _ ■g2Ao-3A2+ai+2a2 
+ (1 + q)E^o-2A2+a2 _ (1 ^ g ^ g2^gAi-2A2+a2 _ q^-^2-ai 
-q-\l + q + q^ + q^)E^o-M-A,+a,+a, ^ ^ ^2^)g-Ao+Ai-A2-ai 

- g2g-2Ao+2Ai-A2-ai _ _|_ ^ _|_ g2^-g-2Ai+A2+ai 

_|_ (^g _|_ g2j-g-Ao-Ai+A2-a2-a3 _ g2g-2Ao-Ai+2A2-ai-2a2-a3 | 



For A3 



(1). 



^210 = 1 + ((1 - g)(l - q'T'i-il' + ?')E-^° + {q + q')E-^' 

_ (1 _|_ q'^-^M-'iJ^2+ai+2a2+a3 — (1 -|- g)E~^^ — gE~^^~"^ 

_|_ -|- g2'jg-Ao+Ai-A2-ai _ g2g-2Ao+2Ai-A2-ai _ g2g-2Ai-A2+ai 

_ ■g2Ao-A2-2A3+ai+2a2+2a3 _ _|_ g2-j-gAo-Ai-A3+ai+a2+a3 

+ (1 + g^E^''"^^"''^^"^"^"^"^ ~ (9 + g^)E^^~''^^~'^^"'""^"^"^ 
+ (1 + g)E"^'^2+A3+a:2 _ (g + g2^Jg-Ao+Al-2A2+A3+a2 
_ (^g _|_ g2'jg-Ai-A2+A3+ai+a2 _ ■g-3A2+2A3+ai+2a2 j 
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For D^^ (/ = {0, 1, 2, 3, 4} where 2 is the node connected to all others): 
e^i2 = (l-e-^^)(l-e-^^+"^), 
^121 = (1 - e-^i)(l - e-^^+"^)(l - e^i-^2~"^), 

^321 = 1 - e-2A3-"i+a3 + (1 _ q)-^[qe-^^ + q^^^-^^-a^ + gAi-2A,-ai+a3 
_j_ g-Ai+A2-2A3+a3 _ g~^3 _ ge~^^~°^ — ge^^^^"^~"^ — e"^^'^'^^ 

Aa-ai+as g— A3+a2+a3 gg-As— ai-Q:2-Q4 g-A3+a2+a3+a4 

_j_ gAo-A3-A4+a2+a3+a4 _j_ gg-Ao+A2-A3-A4-ai-a2 
_j_ gg-Ao"A3+A4-Q!i-a2-a4 _j_ gAo-A2-A3+A4+a2+«3 | 

For Cn'^ let / = {0, 1, . . . , n} and let be the i-ih standard basis vector in Z" for 
1 ^ 2 ^ n and let = Cj — Cj+i for 1 ^ i ^ n — 1 and a„ = 2e„. Then we have 



n — 1 



e;io = i + (i-g)"U9E"^''-E- 

n 

_j_ ^ ^ Jj^-Ai+Afc_i-Afc+ei+efc _|_ -g-Ai-Afc+Afc+i+ei-Efc+i I 



fe=l fc=l 



For C^^^ 

^010 = 1 + ((1 - g)(l - q^)V{-{l + g)'E-^« - (g + g2)E-^o-.. _ ^£-^0-2 

- g2EAo-2Ai+2ai+a2 ^ ^ g^^E'^^^ + (g + g2)E-2Ao+Ai-2ai-a2 

— g2-g-3Ao+2Ai-2Qi-Q2 _ g2-g-Ao+2Ai-2A2+a2 _ _j_ g2-j-g-A2+Qi+a2 

+ (g + gS^E-'^o+Ai-Aa-ai ^ g2)g-2Ao+2Ai-A2-ai _ ^ ^2)g-2Ao+A2-ai-a2 

_ _|_ g2-j-g-2Ai+A2+ai _|_ (^g _|_ g2-j-g-Ao-Ai+A2-ai-a2 _ g2-g-Ao-2Ai+2A2-a2 j 

11. Proof of Lemma lOl 

In this section, we shall give a proof of Lemma [4.21 Let us set t*i = t*/(t*)^ and 
let cl: t* ^ t*j be the canonical projection. Let us recall that Qc\ = Q/I^S = cl{Q) 
and Wci is the image of W in Aut(Qci)- Note that C ® Qd is a hyperplane of t*j. 

For ^0 e C ® Qci, we define t(^o) e Aut(t*) by 

(11.1) t(eo)(A) = A + (A, 5)^ - (A, 05 - iMKMl^ 

for ^ G C ® Q such that cl(0 = ^o- It does not depend on the choice of ^. 

Let Q be the sublattice Qd H cl(0 ^^ ^^ -^ 0;^). Then we have an exact sequence 

i 

1 > Q^W ^ Wci > 1. 



Now we shall prove Lemma (4.21 Assume that m G Z[P] cgj^jpw] Z[P] ~ Z[L] 
Z[P] satisfies i*^(3{u) = for all w G W. We can write uniquely 

u = EAGL(e^ ® 1) • ^(^a) with ux G Z[P]. 
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Then we have "^xei ^^Jwiux) = for any w E W (see fl7.2|l and the commutative 
diagram (j7.3|) ). Since jw{ux) G '^[Q], we have jw{ux) = for any A G L and w G W. 
Hence we have reduced Lemma [4.21 to the following lemma. 

Lemma 11.1. Let u G Z[P]. If jt(^^g^{u) = for any C,o G Q, then u = 0. 

Proof Write u = E{A,a)GLxQ «A,ae-^+". For any ^ G Q n cr^(Q \ {0}) and any 
integer n, we have (^,0 > O5 jt(ci(nO)(^) = reads as 

(A,Q)eLxQ 

Hence we have for all n and £ 

5] aA,„e'^+"«^'^)«~(^+"'«)^> = 0, 

(A,Q:)eLxQ,(A,<5)=£ 

which implies that 

J2 aA,«e"-"(^+°'«)^ = 0. 

(A,q)gLxQ, (A,(5)=^ 

Hence for all i, m and ^, we have 

flA.ae" = 0, 

(A,a)6LxQ, (A,(5)=^, (A+Q!,5)=m 

which implies that 

"Y ax,a = 

AeL, (A,5)=m 

for any a. 

Set supp(m) = {A G L ; aA,Q- 7^ for some a G Q }. Since there exists C, E Q such 
that (A,^) 7^ (A',0 P^i^ of distinct elements A, A' in supp(m), we have 

0'\,a = for all A, a. □ 

Remark 11.2. If A G P \ , then WX is an infinite set. Indeed, there exists C, G 
(5ncl^^(Q\{0}) such that (A, ^) 7^ 0, and we can easily see that {t(cl(n^))A ; n G Z } 
is an infinite set. 
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